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A local embedding and effective downfolding scheme has been developed and implemented in
the auxiliary-field quantum Monte Carlo (AFQMC) method. A local cluster in which electrons are
fully correlated is defined and the frozen orbital method is used on the remainder of the system to
construct an effective Hamiltonian which operates within the local cluster. Local embedding, which
involves only the occupied sector, has previously been employed in the context of Co/graphene.
Here, the methodology is extended in order to allow for effective downfolding of the virtual sector
thus allowing for significant reduction in the computational effort required for AFQMC calculations.
The system size which can be feasibly treated with AFQMC is therefore greatly extended as only
a single local cluster is explicitly correlated at the AFQMC level of theory. The approximation
is controlled by the separate choice of the spatial size of the active occupied region, Ro, and of
the active virtual region, Rv. The systematic dependence of the AFQMC energy on Ro and Rv is
investigated and it is found that relative AFQMC energies of physical and chemical interest converge
rapidly to the full AFQMC treatment (i.e. using no embedding or downfolding).
I. INTRODUCTION
The solution of the quantum many-electron problem
is of fundamental importance to the prediction of the
properties of both molecular and condensed matter sys-
tems. It is one of the outstanding problems and of-
ten a bottleneck in the simulation of materials. Due
to electron-electron interactions, the computational cost
of exact calculations scales exponentially with system
size; exact calculations are possible for only the small-
est systems. Approximate many-particle methods, such
as coupled cluster (CC) methods in quantum chemistry,
scale as high-order polynomials in the number of elec-
trons N ( N7 − N8), which limits their scope. Unlike
wave-function-based CC and other quantum chemistry
approaches, Quantum Monte Carlo (QMC) techniques
use stochastic methods to directly compute observables.
The scaling with system size is reduced to N3 − N4, as
in density functional theory or Hartree-Fock methods,
making applications to larger systems feasible. More-
over, QMC has demonstrated high accuracy in systems
with strong correlated-electron effects.
Many systems of interest include a spatially localized
cluster in which electron correlation effects are expected
to be more important than in the rest of the system. It is
possible to treat only the local cluster with a highly accu-
rate, but expensive, computational method while treat-
ing the rest of the system with a less expensive, but less
accurate, method. The effective system size at the many-
body level of theory is therefore smaller than that of
the original system allowing for an overall larger system
to be treated. Local embedding methods were recently
reviewed in great detail in the context of a variety of
computational methods and embedding strategies1. The
auxiliary-field QMC (AFQMC) method2–4, which scales
favorably with system size, as compared with methods
capable of a similar degree of accuracy, is an ideal tool
for embedded calculations. AFQMC can use any set of
one-particle orbitals. This can be exploited to use uni-
tarily localized orbitals which can be spatially assigned
to either the embedding or the host region.
It was previously shown that local embedding could
be employed to reduce the size of the occupied sector in
Co/coronene (C24H12)
5, leading to highly accurate re-
sults directly comparable to experiment. However, with
local embedding alone, the entire virtual space is included
at the AFQMC level of theory. The virtual space be-
comes extremely large with high-quality basis sets, espe-
cially as the complete basis set limit is approached, which
still limits the size of systems which can be treated using
local embedding alone. It is therefore desirable to employ
an effective local downfolding scheme in order to reduce
the size of the virtual sector as well.
In this paper, we show that local embedding, in the
occupied space, and local effective downfolding, in the
virtual space, can be employed in combination in order
to treat strongly correlated local clusters at the AFQMC
level of theory at reduced computational cost. Further-
more, the accuracy of embedded and downfolded results
can be controlled by the choice of embedding and down-
folding parameters. Significant computational savings
are achieved in a number of applications while maintain-
ing a high degree of accuracy.
The remainder of the paper is organized as follows.
Sec. II reviews the AFQMC method and presents a pro-
cedure for achieving local embedding combined with local
effective downfolding, and concludes with computational
details. A simple application which illustrates the local
embedding and downfolding approximation is provided in
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2Sec. III. Additionally, the dependence of the systematic
errors on the spatial size of the embedding region is stud-
ied. In Sec. IV, local embedding and effective downfold-
ing is applied to Ti-capped carbon chain systems within a
graphitic environment. First, the systematic convergence
of the AFQMC energy in the size of the embedding region
is studied. Next, basis-set and finite-size effects in the Ti-
capped carbon chain system are considered. Finally, it is
demonstrated that similar systematics are observed for
Ti-capped carbon chain systems which interact with a
graphitic environment. Additional issues and practical
limitations of local embedding and downfolding are dis-
cussed in Sec. V. We then conclude with some general
remarks in Sec. VI.
II. METHODOLOGY
In this section, we first review key points of the
AFQMC method.2–4 We then describe our embed-
ding/downfolding approach, followed by computational
details used in the calculations.
A. AFQMC Overview
The Hamiltonian in second-quantized form is given by,
Hˆ = Kˆ+ Vˆ =
∑
µν
Kµνc
†
µcν +
1
2
∑
µνλρ
Vµνλρc
†
µc
†
νcλcρ , (1)
where Kˆ and Vˆ include all one-body and two-body terms,
respectively. The indices run over M orthonormal single-
particle basis functions, with c†µ and cµ the respective
creation and annihilation operators. This form of the
Hamiltonian applies to all approaches for interacting elec-
tron systems, from realistic orbital-based approaches for
materials and molecular systems to lattice-based models.
The ground-state projection AFQMC formalism uses
a trial wave function |ΨT 〉 from a less-expensive method,
such as HF or DFT. The resulting canonical orbitals
could be used as the orthonormal basis functions in
Eq. (1), but for embedding/downfolding, the canonical
orbitals are first unitarily transformed to localized basis
functions, as described in the next subsection. Iterative
imaginary-time projection is used to obtain the ground
state |Ψ0〉 from a trial wave function |ΨT 〉:
lim
β→∞
e−βHˆ |ΨT 〉 ≈ e−τHˆe−τHˆ · · · e−τHˆ |ΨT 〉 → |Ψ0〉 ,
(2)
where β is the total imaginary projection time, and τ
is a small imaginary time step. The projection is cast
as a branching random walk with Slater determinants,
|φ〉. The ground state energy, E0, is computed using the
mixed estimator,
E0 =
〈ΨT |Hˆ|Ψ0〉
〈ΨT |Ψ0〉 = limβ→∞
〈ΨT |Hˆe−βHˆ |ΨT 〉
〈ΨT |e−βHˆ |ΨT 〉
(3)
The small imaginary time step allows a Trotter-Suzuki
decomposition of the imaginary time electron propaga-
tor,
e−τHˆ ≈ e−τKˆ/2e−τVˆ e−τKˆ/2 +O (τ3) . (4)
The exponential of a one-body operator acting on a
Slater determinant simply produces another Slater de-
terminant. e−τVˆ can be cast as a high-dimensional inter-
gral over many auxiliary fields, σ, by the application of
a Hubbard-Stratonovich transformation2,6 as given by
e−τHˆ =
∫
dσP (σ)e−τKˆ/2 e
√
τσ·vˆ e−τKˆ/2 , (5)
where P (σ) is a normal distribution function and vˆ is a
one-body operator. The operation of the integrand on a
Slater determinant |φ〉 is given by,
e−τKˆ/2 e
√
τσ·vˆ e−τKˆ/2|φ〉 ≡ e−τhˆ(σ)|φ〉 → |φ′〉 . (6)
where |φ′〉 is another Slater determinant. An initial pop-
ulation of walkers is prepared (usually set equal to |ΨT 〉)
and the mixed estimator, given in equation 3, is stochasi-
cally sampled. In general, the one-body operator hˆ(σ) is
complex and as the projection proceeds a complex phase
is accumulated for each walker |φ〉. This causes statisti-
cal fluctuations to increase exponentially with projection
time. The phaseless approximation was introduced2 in
order to control this problem. First, an importance func-
tion, given by 〈ΨT |φ〉, is introduced and an importance
sampling transformation is applied. Eq. 6 then becomes,
e−τKˆ/2 e
√
τ(σ−σ¯[φ])·vˆ e−τKˆ/2|φ〉 → |φ′〉 , (7)
where the force bias, σ¯[φ] is given by
σ¯[φ] ≡ −√τ 〈ΨT |vˆ|φ〉〈ΨT |φ〉 . (8)
The mixed estimator at each time step is then given by
a weighted sum over random walkers
E0 ≈
∑
φ wφEL[φ]∑
φ wφ
, (9)
expressed in terms of the local energy,
EL[φ] ≡
〈ΨT |Hˆ|φ〉
〈ΨT |φ〉
(10)
of each walker and the weight, wφ, is accumulated over
the random walk. The procedure is described in more
detail in Refs. [ 2–4,7,8].
B. Embedding and Downfolding Approach
Many systems of interest include a spatially localized
cluster where electron-correlation effects are expected to
3FIG. 1. Schematic representation of the local embedding
and downfolding procedure. The leftmost column represents
energetically ordered orthonormal core, occupied valence, and
unoccupied virtual eigenstates, obtained from a lower level of
theory such as HF or DFT. The occupied ψo(ε) and virtual
ψv(ε) orbitals undergo separate unitary transformations to
localized orbitals ψo(R) and ψv(R) as indicated in the center
column of the figure; R indicates the spatial distance of the
orbital from the localized cluster. Localized orbitals have been
arranged so R increases downward for ψo(R) and upward for
ψv(R). The rightmost column shows the partitioning of the
Hilbert space into active A and inactive I sectors (see text).
The cutoffs R ≤ Ro and R ≤ Rv define, respectively, the
occupied and virtual orbitals that are assigned to the active
sector A. The remaining ψo(R ≥ Ro) and core orbitals are
assigned to I (blue box); they contribute one-body embedding
contributions to the effective Hamiltonian HˆA. The ψv(R ≥
Ro) are discarded.
be more important than in the rest of the system. In this
section, we describe the partitioning of the Hilbert space
into active A and inactive I sectors, which are used to
define an effective Hamiltonian, HˆA, to be used in high-
accuracy AFQMC calculations. The construction of HˆA
is schematically represented in Fig. 1. Since HˆA includes
only one-body embedded contributions from the I sector,
as described below, this greatly extends the system size
which can be accurately treated by AFQMC.
The embedding/downfolding effective Hamiltonian,
HˆA, operates on a reduced Hilbert space, spanned by
the unitarily localized occupied and virtual A orbitals,
depicted in the third column of Fig. 1. HˆA is obtained
using a separability approximation for the many-body
wave function:9,10
Ψ ≈ A(ΨIΨA) , (11)
where ΨI and ΨA depend, respectively, only on the I
and A orbitals in Fig. 1. Both ΨI and ΨA are separately
antisymmetric and normalized, and mutually orthogonal;
the antisymmetrizer A permutes electrons between ΨI
and ΨA. This approximation allows the energy of the
total system to be mapped onto an equivalent system
which explicitly includes only the A orbitals:
E = 〈Ψ|Hˆ|Ψ〉 = 〈ΨA|HˆA|ΨA〉 , (12)
where HˆA is given by11:
HˆA =
∑
ij∈A
Kijc
†
i cj+
1
2
∑
ijkl∈A
Vijklc
†
i c
†
jckcl+
∑
ij∈A
V I−Aij c
†
i cj+E
I .
(13)
The first two terms in Eq. 13 are one and two-body terms
that depend only on the A orbitals. The third term is
a one-body embedding potential that describes Coulomb
and exchange interactions between the A orbitals and the
environment, which is spanned by the I orbitals. For-
mally, the third term is a nonlocal pseudopotential. The
constant-energy fourth term EI includes the kinetic and
internal interactions of orbitals in I. The effective Hamil-
tonian HˆA has the same form as Eq. (1), so AFQMC
calculations proceed exactly as outlined in Sec. II A.
A unitary transformation of the occupied and vir-
tual orbitals to localized orbitals is accomplished by
minimizing a cost function that depends on the lo-
calized orbitals. The most used methods are Foster-
Boys (FB)12,13, Pipek-Mezey (PM)14 and Edmiston-
Ruedenberg (ER)15. Some methods, such as FB, use
the pth moments µip, (and its spread σ
i
p)
16:
µip = 〈φi|(rˆ − 〈φi|rˆ|φi〉)p|φi〉;
(
σip =
p
√
µip
)
, (14)
with the cost function specified by:
ξmp =
∑
i
(
uip
)m
. (15)
The FB method, for example, uses ξ12 . Compared to
the occupied manifold, FB, PM and ER have more diffi-
culty optimizing the virtual orbitals. In recent work, the
use of ξ14 based on the fourth central moments (FM) has
been shown to be effective for localizing virtual orbitals16.
FM localization can be further improved using ξ24 (FM2),
with a penalty-exponent m = 2 (as previously done for
the FB cost function17). FM2 was found to satisfactorily
achieve a uniformly localized set of virtual orbitals.16.
FM and FM2 place more weight on the orbital tail and
therefore tend to suppress orbitals with long tails.
A more stringent criterion for a set of localized orbitals
that has been considered16 is the spread of the least-
local orbital. This can be useful in divide-and-conquer
local-correlation methods that divide the system into lo-
cal clusters.18,19 Here we focus on systems with a single
local cluster, so the efficiency of the method is affected
only by the localization of virtual orbitals in the cluster
neighborhood and not by those far from the cluster.
4C. Computational details
In this paper, the canonical occupied and virtual or-
bitals are obtained from restricted Hartree-Fock (RHF)
calculations using NWChem20. The RHF wave functions
are also used as the trial wave function in all AFQMC
calculations. Standard gaussian-type orbital (GTO) cc-
pVXZ basis sets21 are used, as described in the sections
below. AFQMC calculations were done using the generic
second-quantized Hamiltonian in Eq. (1) for the full sys-
tem and Eq. (13) for the active cluster, as described by
Al-Saidi et al.3.
The ERKALE22 computer code is used to apply FB
localization to the occupied orbitals and FM localization
to the virtual orbitals, unless otherwise stated. Although
ERKALE has not implemented, to date, trust-region
minimization23,24, which is more robust than gradient-
based minimization algorithms (particularly for FM and
FM2 cost functions), its localization engine is capable
of producing orbitals which are sufficiently local for the
purpose of the present work, as indicated in the sections
below.
III. ILLUSTRATIVE APPLICATION
FIG. 2. O/H20 system geometry. The O atom is a distance
h above an endpoint H-H bridge site of a 20-atom H chain.
The H-H bond length is fixed at 1.78 Bohr, corresponding ap-
proximately to the equilibrium bond length of the H chain.25.
The molecular visualization was generated using Avogadro26.
The methodology of the local embedding and effective
downfolding method is illustrated in this section for a
simple model system consisting of a single oxygen atom
and a linear chain of 20 hydrogen atoms as depicted in
Fig. 2. The atomic coordinates are given in Table ??.
The AFQMC total energy is calculated as a function of
h, the position of the O atom above the H-H bridge site at
one end of the linear chain. RHF calculations were per-
formed using a cc-pVDZ basis for both O and H atoms.
The Hamiltonian is represented in the basis of localized
RHF orbitals, using FB and FM localization on the occu-
pied and virtual orbitals respectively. FM2 localization
failed during the line search procedure as implemented in
ERKALE24 for the virtual orbitals of O/H20 with default
settings.
We regard the active region as roughly centered on the
O atom and including some neighboring H atoms and
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FIG. 3. The number of localized virtual (upper panel) and
occupied (lower panel) orbitals within the active Hilbert space
as a function of the localization cutoff radii in H20. In both
the upper and lower panels, two data series (nearly indistin-
guishable) are plotted for O atom heights of 1.81 Bohr, corre-
sponding roughly to the equilibrium, (in red) and 3.89 Bohr
(in black). The step features in the lower panel correspond to
H-H bond orbitals. The top panel shows smaller step features.
However, these features are less physically intuitive.
define the localization radii Ro and Rv from the position
of the O atom, projected onto the chain, to the centroid
of the orbital. Fig. 3 shows the numbers of occupied and
virtual orbitals assigned to A, No and Nv, as a function of
Ro and Rv, respectively, for two values of h. The plotted
distribution is based on the centroids of the localized or-
bitals. Beyond about 1-2 Bohr, the distributions for the
two heights are nearly identical. As shown below, this
leads to relative insensitivity of total energy differences
when Ro and Rv are varied. The unit-step feature for the
occupied localized orbitals reflects that they are centered
on the H-H bond centers away from the O atom.
Figure 4 displays the calculated AFQMC energy of the
O/H20 chain as a function of Rv for four values of Ro and
two values of h. All the curves show similar qualitative
convergence behavior. For Rv < Ro + C, where C ≈ 3
Bohr, the total energy decreases approximately linearly
with increasing Rv. For Rv > Ro +C the total energy is
converged very nearly to the full virtual space treatment
(i.e. all virtual orbitals are included in A) for the chosen
Ro, which is indicated at the Rv value corresponding to
the full length of the H chain in the figure. In general, C
is some system-dependent constant as will be shown in
the next Section. A key point is that, for the same Ro
but different h, the total energy curves are nearly par-
allel across almost the entire range of Rv, even before
the plateau region; as Ro is increased, the energy dif-
ference between pairs of curves with different h quickly
converges. Thus, relative energies such as binding en-
ergies or potential energy curves converge rapidly with
5FIG. 4. O/H20 AFQMC energy vs.Rv for four values of Ro.
The inset diagram roughly illustrates the Ro cutoff radii on
the system geometry (molecular visualization generated using
Avogadro26). Filled squares are for the O atom at h = 3.89
Bohr, with Ro values indicated. Filled circles are for O at
the equilibrium height, h = 1.81 Bohr, using the same Ro
color coding. Solid lines are a guide to the eye. Stochastic
uncertainties are smaller than the plot symbols. Unfilled sym-
bols indicate the full virtual space result (i.e. all local virtual
orbitals are assigned to A) at Rv corresponding to the full
length of the H20 chain.
increasing localization radii, as we demonstrate next.
The computed potential energy curves (PECs) for the
O/H20 chain are shown as a function of the O-atom
height, h, in Fig. 5. Embedding/downfolding PECs are
shown for three choices of the cutoff radii and com-
pared to exact AFQMC results, (ı.e., AFQMC for the
entire O/H20 chain without downfolding/embedding ap-
proximations). The choice of the (Ro, Rv) cutoffs was
guided by the cutoff-radii convergence properties shown
in Fig. 4. Quantitatively good agreement is found across
all values of h for these cutoffs. The smallest cutoffs
shown, (Ro, Rv) = (3.7, 6.2) Bohr, correspond to an ac-
tive region consisting of the O atom and the 4 nearest
H atoms. The corresponding effective Hamiltonian op-
erates on a greatly reduced Hilbert space, yielding sig-
nificant computational savings. For (Ro, Rv)=(7.2, 9.8)
Bohr, the dimension of the single particle Hilbert space,
M , is reduced from 113 for the full system (with atomic
core frozen), to only 43 and the number of active elec-
trons, N , is reduced from 13 to only 6 per spin sector.
Based on the theoretical scaling of AFQMC (∝M2N2),
this reduction in the size of the active Hilbert space corre-
sponds to a reduction in computational cost by a factor,
f ≈ 27. For (Ro, Rv)=(3.8, 8.3) Bohr, the effective M =
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FIG. 5. O/H20 PECs vs. the separation, h, between
O and H20 (as per Fig. 2). Filled red circles indicate the
PEC for the fully correlated O/H20 chain, i.e. no down-
folding or embedding; black, green, and purple open sym-
bols are for (Ro, Rv) = (3.7, 6.2), (Ro, Rv) = (3.8, 8.3), and
(Ro, Rv) = (7.2, 9.8), respectively, in Bohr units; the solid
lines are Morse fits. The inset shows deviations compared to
the fully correlated PEC (same symbols as in the main figure).
Stochastic error bars are smaller than the symbols.
42 and N = 5 giving f ≈ 50. (Ro, Rv)=(3.8, 6.2) Bohr,
has M = 37 and N = 5 giving f ≈ 63. The reduction in
computational cost for O/H20, even for the largest choice
of cutoff radii, is significant in its own right but is modest
when compared to the results of the next section.
IV. APPLICATIONS
In this section our embedding method is applied to
carbon chain systems in a graphitic environment. Our
choice is motivated by the recent successful fabrication
of long linear carbon chains (LLCCs) confined within
double walled carbon nanotubes (DWCNTs),27 and the
possible technological and scientific applications of TM-
functionalized LLCCs.
A. 1-Dimensional correlated system : Ti capped
linear carbon chain
We first apply our method to a H-Ti-C29-H linear
chain. The initial geometry was obtained as follows.
First, an H-C30-H chain was fully relaxed with DFT
PW91 calculations using NWChem. One H-C end-unit
was replaced by an H-Ti unit and relaxed, keeping fixed
the geometry of the remaining C29-H unit. The Ti-C
bond is a triple bond. The coordinates of atomic centers
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FIG. 6. H-Ti-C29-H bar plot of the fourth central moment
σ4 [Eq. (14)] of the localized virtual (upper panel) and local-
ized occupied (lower panel) orbitals vs. the orbital centroid
position along the chain. The origin is set to the position of
the Ti atom.
are listed in Table ??. We used cc-pVDZ basis sets for
Ti and C, and the 6-31g basis set for the terminating H
atoms. Due to near linear dependence of the basis func-
tions in some of the carbon chain systems, we slightly
modified the C cc-pVDZ basis by changing some of the
p-function exponents on the C atoms (given in Fig. ??).
The basis sets are given in Fig. ?? (used for most Ti-C
bond lengths) and in Fig. ?? (used for the compressed
bond length of 3.0 Bohr). Although accurate treatment
of transition metal atoms in many-body calculations usu-
ally requires larger basis sets and multi-determinant trial
wave functions28, we focus here on the systematics of
the downfolding and embedding method, and restrict
ourselves to the modest Ti cc-pVDZ basis and single-
determinant trial wave functions. (We do, however, ex-
amine basis size-dependence below for a shorter H-Ti-C7-
H linear chain.)
Figure 6 shows bar plots of the fourth central moment
orbital spreads, σ4, of the localized virtual (upper panel)
and localized occupied (lower panel) orbitals. Since FM2
localization of the virtuals did not converge, FB local-
ization was used for the occupied and FM localization
was used for the virtual orbitals. Although many virtual
states in Fig. 6 have rather large σ4 values, most of these
orbitals are far from the Ti atom. At the same time, oc-
cupied and virtual orbitals near Ti are seen to have much
smaller σ4 than most other orbitals. It is therefore ex-
pected that convergence with respect to the localization
radii, Ro and Rv, will only weakly depend on σ4 of the
least local orbital. This is confirmed below.
The H-Ti-C29-H PECs are shown in Fig. 7 for three
sets of (Ro, Rv). For each Ro in Fig. 7, Fig. 8 shows the
convergence for fixed Ro as a function of Rv, for two Ti-C
bond lengths (δTi-C = 3.40 and 4.35 Bohr). The energy
in Fig. 8 is seen to quickly plateau as Rv becomes greater
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FIG. 7. Main panel: H-Ti-C29-H PECs vs. Ti-C bond length
δTi-C. Red, blue and green correspond, respectively, to cutoff
(Ro, Rv) values of (4.9, 8.9), (9.7, 13.7), and (14.7, 18.6) in
Bohr units. Solid lines are Morse fits. An energy offset was
applied to align the minima of the Morse fits. Inset: PEC
deviations from the (14.7, 18.6) reference.
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FIG. 8. H-Ti-C29-H AFQMC energy vs. Rv. Red corre-
sponds to Ro = 4.9 Bohr, blue corresponds to Ro = 9.7 Bohr
and green corresponds to Ro = 14.7 Bohr. Filled circles rep-
resent the equilibrium δTi-C = 3.40 Bohr and filled squares
represent a stretched δTi-C = 4.35 Bohr. Solid lines are a
guide to the eye. Stochastic error bars are smaller than the
symbols. All AFQMC total energies were shifted by the same
constant. In the inset, the energy difference, ∆E = E(4.35
Bohr)−E(3.40 Bohr), is plotted against Rv at fixed Ro (same
color coding as in the main figure).
7than Ro. Thus, the Ro cutoff effectively sets the size of
the number of one-particle states that must be correlated
in the effective Hamiltonian. The rapid convergence with
increasing numbers of virtual orbitals is similar for curves
with the same Ro but different δTi-C. The curves for
δTi-C = 3.40 and 4.35 Bohr are nearly parallel across
almost the entire range of Rv, reflecting good cancellation
of errors for the Ti-C chain, similar to O/H20 (Fig. 4).
This is shown by the inset of Fig. 8. The PECs in Fig. 7
are converged in Ro at about Ro = 9.7 Bohr for all bond
lengths except δTi-C = 3.0 Bohr.
B. Finite-Size and Basis-Set Effects in the Linear
Chain
In the next subsection, we present embed-
ding/downfolding calculations for a H-Ti-Cn-H chain
on a graphitic substrate. These were done for a shorter
H-Ti-C7-H chain. Calculations for shorter chains facili-
tate direct comparisons with full AFQMC calculations,
allowing us to focus on the embedding/downfolding
approximations, while reducing the additional compu-
tational cost due to the graphitic substrates. Starting
from the equilibrium structure H-Ti-C29-H chain, 22
interior C atoms were removed, keeping the remaining
bond lengths the same. Atomic positions are given
in Table ??. Unless otherwise stated, the custom C
cc-pVDZ basis used to remove near linear dependence in
H-Ti-C29-H (Fig. ??) is used for H-Ti-C7-H as well. FB
localization is used for both the occupied and virtual
orbitals as FM did not converge for H-Ti-C7-H on the
graphitic substrate studied in the next section.
We first calculated energies for H-Ti-C7-H as a func-
tion of the Ti-C bondlength δTi-C. Figure 9 compares the
H-Ti-C7-H embedding PEC to that of a fully correlated
AFQMC calculation without embedding or downfolding
approximations; the inset of the figure shows that de-
viations from full AFQMC are less than about 0.1 eV,
except at the shortest δTi-C, where it is ' 0.24 eV, and
at an intermediate bondlength, δTi-C = 3.78 Bohr, where
it is ' 0.15 eV. The error bars in the inset reflect the
stochastic error of the individual energy measurements
(as opposed to the joint stochastic error). Fig. 10 shows
the H-Ti-C7-H energy vs. Rv for two fixed values of Ro
and a few values of δTi-C. The convergence in Rv for
fixed Ro is similar to the longer H-Ti-C29-H chain (com-
pare to Fig. 8) for δTi-C = 3.40 and 4.35 Bohr. However,
for δTi-C = 3.0 Bohr, using Ro = 9.7 Bohr, the conver-
gence in Rv differs from the other two δTi-C plotted. This
is reflected in the inset of Fig. 9 in which it is observed
that the greatest deviation from the fully correlated re-
sult occurs at this particular value for δTi-C when using
(Ro, Rv) = (9.7, 13.7) Bohr. It seems that for a slightly
larger Rv of 16.1 Bohr that the relative energy between
δTi-C = 3.0 Bohr and other δTi-C may be more converged.
The left panel of Fig. 11 shows the basis set dependence
of the fully correlated AFQMC PECs. The cc-pVTZ ba-
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FIG. 9. Main panel: H-Ti-C7-H PECs vs. Ti-C bond length
δTi-C using both embedding/downfolding with (Ro, Rv) =
(9.7, 13.7) Bohr (red circles), and fully correlated calculation
(blue circles). Solid lines are Morse fits. An energy offset was
applied to align the Morse fit minima. Stochastic error bars
are smaller than the symbols. Inset: Difference between the
embedding/downfolding PEC and the fully correlated calcu-
lation. The line is a guide to the eye.
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FIG. 10. H-Ti-C7-H AFQMC energy vs. Rv for two values
of Ro. Red and blue correspond respectively, to Ro = 4.9
and Ro = 9.7 Bohr. Filled circles represent the equilibrium
δTi-C = 3.40 Bohr and filled squares represent a stretched
δTi-C = 4.35 Bohr. For Ro = 9.7 Bohr, results are also shown
for δTi-C = 3.02 Bohr, the compressed bond. Solid lines are a
guide to the eye. All AFQMC total energies were shifted by
the same constant.
sis used for C atoms was modified similarly to the C cc-
pVDZ basis (Fig. ??). As seen in the figure, all basis sets
give results within about 0.05 eV near equilibrium. Only
small basis-set effects are found for the fully correlated
treatment. In the right panel of Fig. 11, the deviation of
embedded/downfolded results from the fully correlated
results are plotted (similar to the inset of the left panel).
8FIG. 11. Basis set effects for fully correlated calculations (left panel) and embedding/downfolding calculations (right panel).
Three basis sets are compared (see legend in right panel). The left panel shows the fully-correlated PECs and Morse fits.
The inset of the left panel plots the energy difference with respect to cc-pVTZ for both Ti and C. The right panel plots the
energy difference between the embedding/downfolding result and the fully correlated result for each basis set considered. The
error bars (all panels) reflect the stochastic uncertainty of the individual AFQMC energies (as opposed to the joint stochastic
uncertainty).
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FIG. 12. H-Ti-Cn-H PECs vs. Ti-C bond length δTi-C.
Localization cutoffs were the same for both chains, Ro and
Rv equal to 9.7 and 13.7 Bohr, respectively. An energy offset
was applied to align the minima of the Morse fits (solid lines).
Stochastic error bars are smaller than the symbols.
Again, only small basis-set effects are observed and the
embedding and downfolding effects are seen to be largely
independent of basis set zeta-quality.
Results for the H-Ti-C7-H and H-Ti-C29-H chains are
compared in Fig. 12. The custom cc-pVDZ basis set given
in Fig. ?? is used for H-Ti-C7-H (only at δTi-C = 3.0
Bohr) to facilitate comparison to H-Ti-C29-H at that
particular bond length. Cutoff radii for both systems
were chosen as Ro = 9.7 and Rv = 13.7 Bohr. As in-
dicated by Figs. 8 and 10, this choice of cutoffs yields
well converged results with the possible exception of the
compressed bond length, δTi-C = 3.0 Bohr. The PECs of
both systems are in good qualitative agreement. We note
that the potential well is slightly deeper for H-Ti-C7-H
than for H-Ti-C29-H despite the fact that the active sub-
systems, at the AFQMC level of theory, are nearly iden-
tical in both systems. We discuss this point further in
Section V.
C. Interaction of the Linear Chain with a
Graphitic Substrate
There has been recent interest in studying the role of
environmental interactions on carbon chain systems29.
Recent experiments have observed long linear carbon
chains (LLCCs) confined within double walled carbon
nanotubes (DWCNTs).27 Here we consider a simpler
model of carbon chains near a graphitic planar substrate.
Given the similar properties of the Ti-capped C29 and
C7 chains in the previous section, we study H-Ti-C7-H
chains on a finite-size graphitic ribbon, H22C56, as de-
picted in Fig. 13, where the dangling bonds of the bound-
ary C atoms are saturated by H atoms. The C-C bond
lengths are fixed to the experimentally observed value in
graphene δC-C = 2.68 Bohr; the C-H bond lengths are set
to 2.06 Bohr. The lateral dimensions of the ribbon are
14.0 × 29.9 Bohr, excluding H terminations. The chain
is placed parallel to the ribbon at a vdW height of 5.99
Bohr, taken from a carbon chain in Ref. 29, and within
the reflection symmetry plane of the ribbon. For the equi-
librium δTi-C found above for H-Ti-C7-H in vacuum, we
9FIG. 13. H-Ti-C7-H / H22C56 geometry. C and H atoms are
depicted as dark gray and small light-gray spheres, respec-
tively; the Ti atom is indicated by the large light-gray sphere.
The H-Ti-C7-H chain is in the reflection symmetry plane of
H22C56. As δTi-C is varied, the other atoms are kept fixed,
and the C atom farthest from Ti within the chain is always
aligned above a C atom on the zig-zag edge of the H22C56
ribbon. The chain height above the substrate is fixed at 5.99
Bohr. The lateral dimensions of the ribbon are 14.0 × 29.9
Bohr, excluding H terminations. The atomic coordinates are
given in Table ??. The molecular visualization was generated
using Avogadro26.
found only small residual atomic forces ' 0.2 eV/Bohr
using vdW-including DFT/PBE-D2 NWCHEM calcu-
lations. This indicates that the system is close to its
equilibrium geometry for the vacuum-relaxed H-Ti-C7-H
chain geometry. The positions of all atoms, includ-
ing both the H-Ti-C7-H chain atoms and the H22C56
graphitic substrate atoms, are given in Table ??.
RHF calculations for H-Ti-C7-H/H22C56 were done as
follows. The atoms in the H-Ti-C7-H chain used the
same basis sets as in vacuum (Fig. ??). For the H22C56
substrate, however, we excluded d-functions for the C
atoms to reduce the computational cost (Fig. ??). FB
localization was used for the RHF occupied sector as in
the other calculations. FM localization for the virtual
orbitals did not converge in ERKALE, however, so FB
localization of the virtuals was used instead. Although
the substrate FB virtuals have somewhat large σ4 values,
they are well separated from the chain FB virtuals. More-
over, in H-Ti-C7-H/H22C56, the chain localized orbitals
closely resemble those of the vacuum H-Ti-C7-H chain,
both in their centroid positions and in their σ4 values. It
was therefore straightforward to select Ro and Rv cut-
offs within the chain (similar to those used in vacuum)
and separate cutoffs to select the active region within the
substrate.
The H-Ti-C7-H chain components of the active space
are defined using similar in-chain radial cutoffs, Ro and
Rv, as in the previous section. If we required a similar
criterion for the ribbon, we would define the in-plane ac-
tive region using substrate radii, Rsubo =
√
R2o − h2 and
Rsubv =
√
R2v − h2, where h = 5.99 Bohr is the chain
height above the ribbon, and where Rsubo and R
sub
v are
measured from the projected position of the Ti atom. In
this case, occupied (virtual) orbitals in the ribbon would
only be correlated if Ro > h ' 6 Bohr (Rv > h ' 6
Bohr). Thus, for Ro = 4.9 Bohr in Fig. 10, all the
ribbon occupied states would be frozen. For the choice
(Ro, Rv) = (9.7, 13.7) Bohr in Fig. 9, this would yield
Rsubo = 7.6 and R
sub
v = 12.3 Bohr. The latter choice
would result in larger calculations than we wanted to
undertake in this paper. Instead, calculations were done
setting Rsubo = R
sub
v = R
sub , where Rsub is a common ra-
dius measured from the 6-fold hollow site. Calculations
were done for three values of Rsub = 0, 2.83 and 4.72
Bohr, where the latter two are illustrated by the circles
in the inset of Fig. 14 (left panel). The Rsub−nu = 0
case corresponds to the embedding approximation for
all of the occupied ribbon states; all the virtual rib-
bon orbitals are excluded from the active space. Thus
for Rsub = 0, chain-ribbon interactions are present only
in the 1-body contributions to the effective Hamiltonian
(Vˆ I−A in Eq. 13).
The left panel of Fig. 14 shows calculated AFQMC en-
ergies of H-Ti-C7-H / H22C56 for three values of R
sub,
as a function of Rv and for two Ti-C bond lengths. All
the curves are for Ro = 9.7 Bohr (the same Ro that
was used for the H-Ti-C7-H chain in vacuum in Figs. 11,
and 12). For comparison, the analogous H-Ti-C7-H vac-
uum results from Fig. 10 are also shown. All the curves,
for the same δTi-C, are seen to be within ' 0.40 eV of
each other. The Rsub = 0 and vacuum H-Ti-C7-H curves
are nearly identical, which shows that the 1-body em-
bedding contributions for Rsub = 0 are very small. This
is not too surprising given the large chain-ribbon separa-
tion of 5.99 Bohr. The δTi-C = 3.40 and 4.35 Bohr curves
are nearly parallel to each other and show similar conver-
gence with increasing Rv, leading to rapid convergence
of energy differences. The similar convergence of relative
energies between correlated substrate treatments and the
H-Ti-C7-H chain in vacuum indicates that converged in-
chain Ro and Rv can be chosen by considering only the
chain system in vacuum. This would be considerably less
expensive than performing many trial calculations in the
presence of a larger environmental system.
The H-Ti-C7-H / H22C56 PECs corresponding to
the left panel of Fig. 14 are shown in the right
panel of the same figure. For stretched δTi-C, the
Rsub = 2.83 and 4.72 Bohr PECs (with active states in
the substrate) are about ' 0.2 − 0.4 eV larger than
the Rsub = 0 (frozen substrate) and vacuum-chain
H-Ti-C7-H PECs. The correlated-substrate well depths
are therefore deeper than those for the vacuum or frozen
substrate case. The frozen substrate and the vacuum
chain PECs are in very good agreement except at 3.78
Bohr. At that specific bond length, the RHF solution
landscape is particularly complicated and so it is possi-
ble that the RHF trial wavefunction used for H-Ti-C7-H
in vacuum is slightly different than the analogous RHF
trial wavfunction used for H-Ti-C7-H / H22C56 in terms
of the single-particle states corresponding to the chain.
This conclusion is further supported by the very strong
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FIG. 14. H-Ti-C7-H / H22C56 energy vs. Rv (left panel) and PECs as a function of δTi-C (right panel) for R
sub = 0 (red),
2.83 (green), and 4.72 (orange) Bohr. The latter two are illustrated in the inset of the left panel. For comparison, results for
H-Ti-C7-H in vacuum are plotted with black symbols and lines. In the left panel, all the calculations are for Ro = 9.7 Bohr, and
for two Ti-C bond lengths, δTi-C = 3.40 (near equilibrium; circles) and 4.35 Bohr (squares). As indicated in the inset, the Ti
atom is centered on the 6-fold hollow site when δTi-C = 4.35 Bohr (molecular visualization generated using Avogadro
26). The
Rsub = 0 curve corresponds to the frozen-orbital embedding approximation for the occupied ribbon states (see text), ı.e., the
only active-space states are localized on the H-Ti-C7-H chain. In the right panel, all computations use (Ro, Rv) = (9.7, 13.7)
Bohr. Morse fits are shown as solid lines, except for Rsub = 4.72 Bohr, where only two bond lengths are shown. Stochastic
error bars are smaller than the symbols. The curves are aligned to have the same energy minima.
agreement between the frozen substrate and correlated
substrate treatments at that particular δTi-C. We note
that the PECs for the Rsub = 2.83 and 4.72 Bohr treat-
ments are in excellent agreement for all δTi-C computed,
suggesting that convergence in Rsub has been achieved.
Further calculations should be done, however, to check
the convergence with increasing Rsub to confirm this. Ad-
ditionally, the effect of separate substrate occupied and
virtual localization radii, Rsubo and R
sub
v , should be con-
sidered. Ribbon finite-size effects should also be exam-
ined using larger (especially longer) ribbons.
V. DISCUSSION
As shown in Sections III and IV, embed-
dding/downfolding energies converge rapidly with
increasing cutoff radius Rv for fixed Ro (Figs. 4, 8, 10,
and the left panel of Fig. 14). Thus, Rv can be chosen
naturally as Rv = Ro + C, where C ' 2− 6 Bohr is a
system-dependent constant. The convergence rate, in
terms of C, is observed to be nearly the same for closely
related systems. For example, all of the H-Ti-Cn-H
systems studied in Sec. IV have C ≈ 4 Bohr, including
H-Ti-C7-H / C56H22 (independent of the in-plane cutoff,
Rsub) as can be seen in Figs. 8, 10, 14 (left panel).
Convergence is even more rapid for relative energies
(inset of Fig. 8), due to cancellation of errors. In the
case of O/H20, the most converged PEC in Fig. 5,
with (Ro, Rv) = (7.8, 9.8) Bohr, agrees with the full
AFQMC treatement to within 0.1 eV for almost all
O-atom heights. For H-Ti-C29-H, the inset of Fig. 7
shows that the embedding results are nearly converged;
the (Ro, Rv) = (9.7, 13.7) Bohr PEC deviates from
the (Ro, Rv) = (14.7, 18.6) Bohr PEC by no more
than 0.1 eV for all bond lengths except for the most
compressed bond length where the deviation is about
0.2 eV. Similar behavior is observed for H-Ti-C7-H in
Fig. 9 with a maximum deviation of about 0.24 eV, with
most bond lengths deviating by 0.1 eV or less. Thus,
local embedding/downfolding can be applied with little
loss of quantitative accuracy.
Using the embedding/downfolding effective Hamilto-
nian significantly reduces the computational cost com-
pared to the AFQMC treatment of the full Hamiltonian.
For the H-Ti-C29-H chain system studied in Sec. IV A
using (Ro, Rv) = (9, 7, 13.7) Bohr, which was found to
be converged for most δTi-C, the number of electrons per
spin, N, is reduced from 65 (core states frozen) to 13, and
the number of basis set functions, M, is reduced from
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419 to only 100, reducing the computational cost by a
factor of about 440, with AFQMC scaling as ∝ M2N2.
For H-Ti-C7-H /H22C56 studied in Section IV C, the full
system has M=625 and N (per spin) = 144. Using
localization radii (Ro, Rv) = (9, 7, 13.7) Bohr and al-
lowing the 6-fold hollow site nearest to the Ti atom to
be correlated (Rsub = 2.83 Bohr), M becomes 130 and
N becomes 22, reducing the cost by nearly 3 orders of
magnitude (a factor of 990). With such reductions, we
were able to treat, with AFQMC, the H-Ti-C29-H and
the H-Ti-C7-H /H22C56 systems using only modest com-
puting resources. Thus, the effective system size which
can be treated is greatly extended by the local embed-
ding and effective downfolding approximation. We note
that these computations were performed using the mod-
est cc-pVDZ basis. For larger basis sets, the cost may
be expected to be reduced by a similar factor, since the
fraction of basis functions which are assigned to A will
be roughly the same as for smaller basis sets, assuming
a similar distribution of localized single-particle orbitals
in both basis sets.
In Section IV B, basis-convergence effects on the local
embedding and downfolding approximation were consid-
ered. For fixed (Ro, Rv), the deviation of AFQMC results
using embedding and downfolding from the full AFQMC
treatment seems to be largely independent of basis set
quality as seen in the right panel of Fig. 11. This can be
exploited in order to study convergence in the localization
radii while using a smaller, and therefore less expensive,
basis set before using higher quality basis sets to obtain
quantitatively accurate results.
Finite-size effects were studied in Section IV B,
comparing the PECs for H-Ti-C7-H and H-Ti-C29-H
(Fig. 12). Good qualitative agreement was observed,
with slight quantitative differences in the depth of the
potential well. The geometry of H-Ti-C7-H is based on
the geometry of H-Ti-C29-H with the chain truncated af-
ter 7 C atoms and with a H termination applied. As can
be seen from the distribution and spatial extent of local
orbitals in both systems (Fig. ??), the active regions have
spatially similar localized occupied and virtual orbitals.
As a result, the active regions of both chains are the same
spatial size and have the same number of electrons and
have basis set sizes that differ by only one. The inac-
tive host regions differ, of course, containing 4 and 26
carbon atoms in the H-Ti-C7-H and H-Ti-C29-H chains
respectively. Therefore the effective Hamiltonians of the
two chains differ mostly in their mean-field embedding
contributions, i.e., in Vˆ I−A from Eq. 13. Unitarily local-
ized Kohn-Sham orbitals, obtained from DFT, or natural
orbitals, obtained using some many-body method could
lead to different one-body size effects in Vˆ I−A than the
orbitals used here.
Orbital localization using the FM2 cost function with
Hessian-based trust-region minimization is regarded as
the method of choice for obtaining well-localized vir-
tual orbitals.23 As mentioned, we used the ERKALE
program, which uses gradient-based minimization, to lo-
calize both occupied and virtual orbitals in the present
work. The consequence of using gradient-based meth-
ods to minimize the FM2 cost function is possible non-
convergence, as is the case for the systems studied here.
FM did not converge for H-Ti-C7-H /H22C56 and so FB,
which is expected to produce virtual orbitals with long
tails, was used for all H-Ti-C7-H systems. Despite the
use of such virtual orbitals, rapid convergence in Rv
at fixed Ro is observed. This suggests that local em-
bedding/downfolding for a single active cluster is robust
against basis sets which have not been optimally local-
ized. Further study is needed to determine the effects of
the system dimensionality on the convergence in Rv. In
this regard, the one-dimensional geometry of the chain
systems is certainly advantageous. It is also observed in
all H-Ti-Cn-H systems studied here that the least local
orbitals tend to be localized far from the Ti-C cluster (see
Figs. 6 and ??), providing some additional explanation
for the rapid convergence observed in these systems. Us-
ing FM2 virtual orbitals is likely to be especially efficient
for two- and three-dimensional system geometries.
VI. SUMMARY
In summary, a local embedding and effective down-
folding approximation has been developed and imple-
mented in which a local cluster is explicitly treated at
the AFQMC level of theory. Previously, only local em-
bedding of the occupied sector had been used in AFQMC,
which requires the large virtual sector to be explicitly
treated in all AFQMC computations. Here, we have de-
veloped a local effective downfolding scheme for the vir-
tual sector and combined it with the local embedding
approximation. The computational effort of performing
AFQMC computations using embedding/downfolding is
greatly reduced (by as much as 3 orders of magnitude in
the examples studied here) from the full AFQMC treat-
ment. Therefore, the effective system size which can be
feasibly treated with AFQMC is significantly increased.
We have studied the convergence systematics in the local-
ization radii, Ro and Rv, which define the embedding and
downfolding regions. Relative energies computed using
local embedding and effective downfolding are observed
to converge rapidly to the full AFQMC result. Further-
more, the rate of convergence is seen to be similar for
closely related systems such as the H-Ti-Cn-H systems
studied in this paper. The convergence is seen to be
largely independent of the zeta-quality of the basis set
used.
We have used only RHF trial wave functions, |ΨT 〉, to
study the convergence systematics in the cutoff radii, Ro
and Rv. In some cases open-shell or multi-determinant
|ΨT 〉 may be required to achieve high accuracy AFQMC
results. The embedding/downfolding approximation can
be generalized to these cases. For example, in multi-
determinant |ΨT 〉’s, the determinants are typically ex-
pressed in terms of a single set of orthonormal canonical
12
orbitals, which can then be localized by the same uni-
tary transformation. Furthermore, it is expected that
the systematics in Ro and Rv will be similar in these
cases since the action of the embedding and downfolding
transformation merely reduces the effective size of the
single-particle Hilbert space which is spanned by a set of
unitarily localized orbitals. Further study is necessary to
determine the systematics for more general |ΨT 〉.
ACKNOWLEDGMENTS
This work is supported by DOE (Grant No. DE-
SC0001303), ONR (Contract No. N00014-17-1-2237),
and the Simons Foundation. This work was performed
using computing facilities at William & Mary which
were provided by contributions from the National Sci-
ence Foundation, the Commonwealth of Virginia Equip-
ment Trust Fund and the Office of Naval Research. The
Flatiron institute is a division of the Simons Foundation.
∗ bkeskridge@email.wm .edu
1 Mark S. Gordon, ed., Fragmentation (John Wiley & Sons,
Ltd, Chichester, UK, 2017).
2 Shiwei Zhang and Henry Krakauer, “Quantum monte carlo
method using phase-free random walks with slater deter-
minants,” Phys. Rev. Lett. 90, 136401 (2003).
3 Wissam A. Al-Saidi, Shiwei Zhang, and Henry Krakauer,
“Auxiliary-field quantum Monte Carlo calculations of
molecular systems with a Gaussian basis,” J. Chem. Phys.
124, 224101 (2006).
4 Mario Motta and Shiwei Zhang, “Ab initio computations
of molecular systems by the auxiliary-field quantum
monte carlo method,” Wiley Interdisciplinary Re-
views: Computational Molecular Science 8, e1364 (2017),
https://onlinelibrary.wiley.com/doi/pdf/10.1002/wcms.1364.
5 Yudistira Virgus, Wirawan Purwanto, Henry Krakauer,
and Shiwei Zhang, “Stability, energetics, and magnetic
states of cobalt adatoms on graphene,” Phys. Rev. Lett.
113, 175502 (2014).
6 S. Zhang, J. Carlson, and J. E. Gubernatis, “Constrained
path monte carlo method for fermion ground states,” Phys.
Rev. B 55, 7464 (1997).
7 Wirawan Purwanto and Shiwei Zhang, “Quantum monte
carlo method for the ground state of many-boson systems,”
Phys. Rev. E 70, 056702 (2004).
8 Malliga Suewattana, Wirawan Purwanto, Shiwei Zhang,
Henry Krakauer, and Eric J. Walter, “Phaseless auxiliary-
field quantum Monte Carlo calculations with plane
waves and pseudopotentials: Applications to atoms and
molecules,” Phys. Rev. B 75, 245123 (2007).
9 Luis R. Kahn, Paul Baybutt, and Donald G. Truhlar, “Ab
initio effective core potentials: Reduction of all-electron
molecular structure calculations to calculations involving
only valence electrons,” J. Chem. Phys. 65, 3826–3853
(1976).
10 S. Huzinaga, “Effective hamiltonian method for
molecules,” Journal of Molecular Structure: THEOCHEM
234, 51 – 73 (1991).
11 Wirawan Purwanto, Shiwei Zhang, and Henry Krakauer,
“Frozen-orbital and downfolding calculations with
auxiliary-field quantum monte carlo,” Journal of Chemical
Theory and Computation 9, 4825–4833 (2013), pMID:
26583401, https://doi.org/10.1021/ct4006486.
12 S. F. Boys, “Construction of some molecular orbitals to be
approximately invariant for changes from one molecule to
another,” Rev. Mod. Phys. 32, 296–299 (1960).
13 S. F. Boys, “Localized orbitals and
localized adjustment functions,” in
Quantum Theory of Atoms, Molecules, and the Solid State, A Tribute to John C. Slater,
edited by P.-O. Lo¨wdin (Academic Press, New York, 1966)
p. 253.
14 Ja´nos Pipek and Paul G. Mezey, “A fast intrinsic localiza-
tion procedure applicable for ab initio and semiempirical
linear combination of atomic orbital wave functions,” The
Journal of Chemical Physics 90, 4916–4926 (1989).
15 Clyde Edmiston and Klaus Ruedenberg, “Localized
Atomic and Molecular Orbitals,” Reviews of Modern
Physics 35, 457–464 (1963).
16 Ida-Marie Høyvik, Branislav Jans´ık, and Poul Jørgensen,
“Orbital localization using fourth central moment mini-
mization.” The Journal of chemical physics 137, 224114
(2012).
17 Branislav Jans´ık, Stinne Høst, Kasper Kristensen, and
Poul Jørgensen, “Local orbitals by minimizing powers of
the orbital variance.” The Journal of chemical physics 134,
194104 (2011).
18 Gerald Knizia and Garnet Kin-Lic Chan, “Density ma-
trix embedding: A strong-coupling quantum embedding
theory,” J. Chem. Theory Comput. 9, 1428–1432 (2013),
http://pubs.acs.org/doi/pdf/10.1021/ct301044e.
19 Takeshi Yoshikawa and Hiromi Nakai, “A linear-scaling
divide-and-conquer quantum chemical method for open-
shell systems and excited states,” in Fragmentation
(Wiley-Blackwell, 2017) Chap. 10, pp. 297–321,
https://onlinelibrary.wiley.com/doi/pdf/10.1002/9781119129271.ch10.
20 M. Valiev, E.J. Bylaska, N. Govind, K. Kowalski, T.P.
Straatsma, H.J.J. van Dam, D. Wang, J. Nieplocha,
E. Apra, T.L. Windus, and W.A. de Jong, “Nwchem: a
comprehensive and scalable open-source solution for large
scale molecular simulations,” Comput. Phys. Commun.
181, 1477–1489 (2010).
21 Karen L. Schuchardt, Brett T. Didier, Todd Elsethagen,
Lisong Sun, Vidhya Gurumoorthi, Jared Chase, Jun Li,
and Theresa L. Windus, “Basis set exchange: A commu-
nity database for computational sciences,” J. Chem. Inf.
Model. 47, 1045–1052 (2007).
13
22 Jussi Lehtola, Mikko Hakala, Arto Sakko, and Keijo
Ha¨ma¨la¨inen, “ERKALE-A flexible program package for X-
ray properties of atoms and molecules.” Journal of compu-
tational chemistry 33, 1572–85 (2012).
23 Ida-Marie Hyvik, Branislav Jans´ık, and Poul Jr-
gensen, “Trust region minimization of orbital local-
ization functions,” Journal of Chemical Theory and
Computation 8, 3137–3146 (2012), pMID: 26605725,
https://doi.org/10.1021/ct300473g.
24 Susi Lehtola and Hannes Jnsson, “Unitary optimization of
localized molecular orbitals,” Journal of Chemical Theory
and Computation 9, 5365–5372 (2013), pMID: 26592274,
https://doi.org/10.1021/ct400793q.
25 W. A. Al-Saidi, Shiwei Zhang, and Henry Krakauer,
“Bond breaking with auxiliary-field quantum Monte
Carlo,” The Journal of Chemical Physics 127, 144101
(2007).
26 Marcus D. Hanwell, Donald E. Curtis, David C. Lonie,
Tim Vandermeersch, Eva Zurek, and Geoffrey R. Hutchi-
son, “Avogadro: an advanced semantic chemical editor,
visualization, and analysis platform,” Journal of Chemin-
formatics 4, 17 (2012).
27 Lei Shi, Philip Rohringer, Kazu Suenaga, Yoshiko Niimi,
Jani Kotakoski, Jannik C Meyer, Herwig Peterlik, Mar-
ius Wanko, Seymur Cahangirov, Angel Rubio, Zachary J
Lapin, Lukas Novotny, Paola Ayala, and Thomas Pichler,
“Confined linear carbon chains as a route to bulk carbyne,”
Nature Materials 15, 634–639 (2016).
28 Wirawan Purwanto, Shiwei Zhang, and Henry Krakauer,
“Auxiliary-field quantum monte carlo calculations of the
molybdenum dimer,” The Journal of Chemical Physics
144, 244306 (2016), https://doi.org/10.1063/1.4954245.
29 Marius Wanko, Seymur Cahangirov, Lei Shi, Philip
Rohringer, Zachary J. Lapin, Lukas Novotny, Paola Ay-
ala, Thomas Pichler, and Angel Rubio, “Polyyne elec-
tronic and vibrational properties under environmental in-
teractions,” Phys. Rev. B 94, 195422 (2016).
